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Abstract

This article presents an analytical value at risk (VaR) for financial institutions to manage the
market risk of international portfolios in foreign indirect investment. The model incorporates
the Kupiec’s (1999) model and the Chen and Liao (2009) model, but it more appropriately
fits the real world. Taking Japan, Taiwan, and Korea as examples, the empirical results
showed that the increase in the weight of a financial institution’s foreign assets strongly
enabled its VaR capital allocation to be close to the actual capital. Additionally, the VaR
capital bias and default probability bias trended to 1, implying that the VaR model accurately
captured the actual risk capital for international portfolios over the subprime mortgage crisis.
Alternatively, the relationship between the weights of foreign assets and the VaRs first
decreased and then increased. Thus, the VaRs were minimized to obtain the optimal foreign
and domestic weights. The empirical results illustrated that bank managers decreased the
optimal proportions of foreign assets in Japan, Taiwan or Korea during the subprime crisis,
while they increase the weights in a normal economy.

[ Keywords ] risk capital, international portfolios, exchange rate risk
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1. Introduction

Foreign indirect investment (also referred to as foreign portfolio investment) is the
investment made indirectly by foreign private investors through intermediary financial
rulings or the financial market. With the liberalization and globalization of capital markets,
foreign portfolio investment rose rapidly around the world. In Taiwan, official monthly
statistics illustrate that the average of foreign assets relative to domestic assets has been
around 46% at domestic commercial banks over the past ten years. In Japan, the ratio is at
least 5% and around 9% in Korea. On average, the weight of foreign assets is around 20% at
Asian banks and growing. Thus, controlling the market risk from portfolios composed of
domestic and foreign assets is an increasing concern for financial institutions.

The VaR approach is widely viewed as a measure of a portfolio’s market risk. The VaR
amount is generally regarded as a risk capital measure by banking regulators in the world.
Various methods can be used to calculate the VaR amount. Basically, approaches to VaR can
be usefully classified into two broad groups, the parametric approach' and the nonparametric
approach.? However, one of the well-known shortcomings of the parametric approach is it
underestimates the frequency of extreme events. Thus, while not making any distributional
assumptions about asset returns, the nonparametric method overcomes the disadvantages of
the parametric approach.

Despite the benefits of both approaches, the focus of previous research has been on
either the risk management of domestic portfolios (Kupiec, 1999), or foreign portfolios
(Chen and Liao, 2009), but not both in the same context. Hence, this article’s aim is to
develop a VaR model for international portfolios in a period of capital market liberalization
and globalization based on the parametric approach.

Kupiec (1999) showed there is a bias in the way VaR-based capital allocation schemes
measure risk capital. VaR capital measures do not accurately account for the necessity to

maintain equity to cover unexpected losses because VaR capital does not measure the interest

1 In the case of parametric techniques, returns are modeled using normal distribution. This approach is the
most common because it is the easiest and fastest method to implement. Research related to these ideas
was introduced by Jorion (1996, 2007), Longerstacy and Zangari (1996), Simons (1997), Duffie and Pan
(1997), Kupiec (1995, 1999), Brooks and Persand (2002), and Chen and Liao (2009).

2 Studies in the framework of nonparametric approaches follow the research of Hendrick (1996),
Jamshidian and Zhu (1997), Hull and White (1998a, 1998b), Barone-Adesi, Giannopoulos, and Vosper
(1999), Barone-Adesi and Giannopoulos (2001), Linsmeier and Pearson (2000), Brooks and Persand
(2003), and Huang and Lin (2004).
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that must be paid to debt holders. Also, he demonstrated the bias is a function of
instantaneous drift rates and asset return volatility. As to international portfolios, this article
disclosed how much bias exists and other elements that affect the bias.

In this paper, the optimal proportions of domestic assets and foreign assets were
determined by minimizing VaRs with no constraints. The finding was that investors
decreased the optimal proportions of foreign assets in Japan, Taiwan or Korea during the
subprime crisis period, and increased the normal economy weights.

The next section outlines the model and a closed-form solution derived to calculate
VaRs for international portfolios. In the third section, the analytical formula of the VaR bias
was derived. Section 4 provides a comparative static analysis on the risk capital measured by
the VaR approach and the VaR bias. Balance sheets of domestic, regional banks and
commercial banks in Taiwan, Japan, and Korea were used as samples to inspect the accuracy
of the model in terms of the VaR bias criterion, before the subprime mortgage crisis and

after. The last section is a conclusion.

2. Model Formulation

In this section, some assumptions on model formulation are presented. The framework
by Kupiec (1999) was extended to derive a closed-form solution for an international VaR
model in continuous time, a general international VaR model that incorporates both the
Kupiec (1999) and Chen and Liao (2009) models.

This paper assumed: (i) a firm’s value was composed of the value of a kind of domestic
assets and n sorts of foreign assets valued in n classes of currencies, (ii) the capital market is
a complete market with no transaction fee or tax, (iii) there exists a theoretical riskless
interest rate for lenders and borrowers, (iv) the asset returns were normally distributed over
the interest interval, (v) exchange rates were quoted at the price of one unit of the foreign
currency in domestic dollars, (vi) investment strategies were constant over the investment
horizon, and (vii) the dynamic processes of asset price and exchange rates follow the

Geometric Brownian Motion (GBM) as shown below, respectively:

dA
Y=, di+o,,dW,
A, (1)
dA,
1 : :,ufl_q,dt+0'fh,dB,
fot )
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ﬂ = ,ue“,dt+ o, dQ,
g 3
where u, and o, are the drift rate and volatility of domestic asset returns at time t,
respectively; the 4, and O [, are the drift rate and volatility for the ith kind of foreign
asset returns for i = 1,2,......,n at time t, respectively; M, and o, are the drift rate and
volatility for the ith kind of exchange rate at time t, respectively. W, P and Q, are one
dimensional Brownian motions defined in a filtered probability space (Q, F, p) under the
original probability measure, p. Moreover, the correlation coefficients among the three
Brownian motions are defined as corr(dW,, dP) = p, - corr(dP , dQ) = p e and corr(dW,
dQ) = p, . Thus, the covariance among domestic assets, foreign assets, and the exchange rate

is respectively denoted by

dAd t d14f t dAd t del t
cov( y =, 1 =)=Py 04,0, db, cov( 4 =)= Py, 0.0, dt,
d,t fit d,t i, t and
dA; . de,, - . . .
cov(—=,—)=p 160106 dt, in which p,, is a correlation coefficient

A
between j and &, j # k.

it

Now, consider the potential daily loss exposure to long trading positions. Typically, the
VaR is a specific left-hand critical value for a potential loss distribution. Given conventions,
one can define the daily losses valued in domestic dollars relative to the end-of-period
expected asset value, called relative VaR and denoted by VaR(mean) , as follows:

— VaR(mean) =V —E(V), 4)
in which VaR(mean) > 0, and the E(.) is the expected value conditional on information at
time t. The V_is the firm value denominated in domestic dollars given a confidence level of
a. V is the firm value at time T (the investment horizon), which consists of a type of

domestic asset and n sorts of foreign assets, also denoted by

Vi=A4,; +Ze,’TAf‘_,T .

i=1
Alternatively, the VaR(0) can represent the VaR in domestic dollars relative to the initial
asset value, namely absolute VaR:
~VaR(0) =V -V, (%)
With VaR(0) > 0.

Before deriving the VaR analytical formula for an international portfolio, Proposition 1
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must be used.
Proposition 1: Given the dynamic processes for asset prices and exchange rates following

the GBM, the dynamic process of V, can be expressed

V i=1 i=1

t

dV n n n
‘ =|:}/nud,1 + Z ﬂi,[(ﬂe‘,l + ﬂﬁ,t + pf,, & O-e,,to-f,.,t) :| dt+ 7to-d,1 C”/V[ + |:Z i,to-e,,z j|th + |:z ﬂi,to-l},t :| dF:

i=1

Ad,z ei,tAf,,t
,and S, =—=". The y and 8 are also
‘/t > I/t i

named the weights of a variety of domestic assets and the ith kind of foreign asset,

with V=4, +> e A, ,, 7=

i=1

respectively.
Appendix A provides a detailed proof of Proposition 1. Note that the weights do not vary
over the investment horizon based on assumption (vi).

Using Proposition 1 and equations (4) and (5), the analytical formulas for the relative

VaR and absolute VaR of international portfolios can be derived as

n 1 5
exp |:(7uudJ + Zﬁi,[(lllel‘t +:uflj + pfi,e,o-f,‘zo-e,‘z) _E o )(T_ t) + Zao-z NT - t:|
VaR(mean) =|Min{ V, = ,0

—CXp|:(}’[,Ud_, +Zﬂi.f(#e‘,! +ﬂfl,l + pﬂ,eiaﬁ.raq,r))(T_ [)i|
i=1

s

VaR(O) = ‘Min{V,{exp (%Iud,f + zﬂm(ﬂe,,[ +qu,‘/ +pfi‘t.,o-/“10'6,l_,)—%O'[2)(T— t)+ Zaro_z VT - t]_l} > 0}
L i=1

(6)

in which the Z stands for a critical value with a given probability «, and

n 2 n 2 n n n n
2
0\/726(2 a) +[z a] 20y 10 S B 4 2P 1w S B 420, S B S B0
i=1 =1 i=1 i=1 i=1 i=1

Equation (6) is provided in Appendix B.

The analytical formula in equation (6) stands for the VaR capital allocation measured
for an international portfolio, and it includes some important elements, such as the volatility
of underlying assets, exchange rate volatility, the correlation coefficient among domestic
assets, foreign assets and exchange rate, and the weight of domestic and foreign assets.

Equation (6) can also be reduced to Kupiec’s (1999)° solution as y, = 1, B, = 0, which shows

3 Kupiec (1999) shows the relative VaR and absolute VaR as follows, respectively:

1, ey g2 e 2 (1=
(g, ==, WT=0+Z,\og (T-0) — (Mg =04, WT=0)+Zy 04, (T-1)
Mm{/g,{e e NI g™ ”},0} > and VaR,(0)= [ S R A

VaR , (mean) = Min{ A e

57



B P P] 3 % 0 SRR ME T AR 09 IR ST ¢ B BE AN UL 55 N SR AT 0 B SE AT

that a firm value is only composed of domestic assets. Alternatively, equation (6) goes to the
closed-form solution of Chen and Liao (2009)* as y, = 0, B, = 1 indicating a firm’s value is
only made up of foreign assets. Clearly, equation (6) is a general form. It can be incorporated
into the analytic solutions in the Kupiec (1999) and Chen and Liao (2009) models. In other
words, Kupiec (1999) presented a VaR model to manage market risk to assets valued in
domestic currency. Chen and Liao (2009) developed a VaR model for risk management of
foreign assets in continuous time. The focus of the previous research has only been on either
domestic or foreign assets, but not both in the same context. In reality, investors especially
banks generally buy not only domestic assets, but also foreign assets in highly integrated
global financial markets. Therefore, this paper examined stochastic assets (domestic assets
and foreign assets) to provide a general VaR to manage portfolio market risks. The model is
more appropriate than the Kupiec (1999) model and the Chen and Liao (2009) model for real
world situations.

Jorion (2007) illustrated that relative VaR is more conservative if the mean value is
positive. The more conservative measure is more appropriate. Hence, a relative VaR measure

was adopted throughout this article.

3. VaR Bias for International Portfolios
The VaR bias reported by Kupiec (1999) comprises a VaR capital bias and default

probability bias. It will be explained for international portfolios.

3.1 VaR Capital Bias

VaR capital bias is measured by the ratio of VaR equity capital allocation to the actual
equity capital allocation’ that is required to achieve the target default rate (in percent).
Briefly,

4  Chen and Liao (2009) derived the relative VaR and absolute VaR of foreign-issued assets below,
respectively:

1 1
CXP[(,U/_[ =50 —563,‘,)(T—t)+Z,,J(aiJ +o;,+2p,,0,.0, )T~ t)}

—exp| (U, + Mo, + P10 100 NT=0)]

VaR, (mean) =|Miny A, ,e,,

> s

and

VaR. (0)=

MH{AA,z € {exp[(ﬂf,,z +:ue,,/ _%O-zf,.t _%O':'/)(T—[)+Za\/(0'i.1 +0—:,.I +2pl,.e,o-/,A/0-e-,.r)(T_ t)}_l} B 0} .

5  The actual equity capital allocation is briefly named the actual capital in Kupiec (1999).
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VaR capital bias(VB) = M.
Actual capital (7

As equation (7) moves closer to 1, the VaR capital is nearing the actual capital. When
equation (7) is greater than 1, a firm’s actual capital is less than its VaR capital. Also, it
implies the firm is undercapitalized and exposed to potentially wider fluctuations than firms
with sufficient capitalization.

Kupiec (1999) used the Black and Scholes (1973) and Merton (1974) models (the BSM
model) to estimate actual capital. Under the BSM model, the firm’s equity is a call option on
the firm’s underlying value, with a strike price equal to the face value of the firm’s debt, and
debt maturity equal to the option’s time to maturity. A firm’s equity value at time 7 can be
defined as:

E = Max(V K, 0).
Note that V" and K stand for the market value of assets and the book value of debt,

. . . E¢ . . .
respectively. If one uses a riskless asset (B) as a numeraire, — is a martingale under a risk
t

neutral probability measure p conditional on the information at time ¢, or E:Eﬁ {ﬂ| F,} .
Thus, the value of a firm’s equity at time ¢ can be written as B B

_ n(T-0) P
E, =" ' [Max(V K, 0)], ®)
where E[P [.] is the expected value conditional on the information at time ¢ under the risk

neutral probability measure, p. Traditionally, the value of equity today (£) is viewed as

actual capital.
Originally, the dynamic process of a firm’s value with domestic and foreign assets is
described by Proposition 1. Assuming

O'td Yi= }/to-d,tdW’+|:Zﬂi»fo-eM :|ng+|:Zﬂi,zo-fi,t :|dB
i=1

i=1

and H=VMy, + Z:Bi,r(:ue,,t +:uf,.,r +pz§.,e, O-e,.zo-f,,r) >

i=1

Proposition 1 can be rewritten

aV, = u dt+o,dY
V,
‘ ©)

Where Y, is a one dimensional Brownian motion under the original probability measure,

and
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n

n n n n
z ﬁmo-e,x + 2pd f; }/lo-d,l Z ﬁi.lo-f,.l + zpf,.e, Z ﬁmo-e,J z ﬁLlo—f,.l N
1 i=l i=l

) 2 2
0-1 :\szo-fi.t +|:zﬂi.1o-e,.l :| +|:zﬁi.10-/“1 :| +2pd,e,}/10-d.1
i=1 i=1 i=1 i=

i=

By means of Girsanov’s theorem, the relationship between the original probability
measure and the risk neutral probability measure is d Y, =d Yo+ o, dt. Then, the expected
value of 2 is equal to the riskless rate per unit of time under the risk neutral probability

t
measure, E’ [d7V‘| F] =, dt. Thus, equation (9) becomes

dV[ :I'd‘[d[+0'[d?t,

|4
dv AR O+ > p
or V[ = Ci,tdt+ Y04, dW+ |:z i,to-e,,t :|d Qt+|:zﬂi~fo-fvt :| d R ’
: (10)
1 5 Vv
0.~ 0 (T=0+0, ¥r_, ) Equaﬁon (1 1) can be derived:

Using Ito’s lemma, one can obtain |, = Vle(’

EP[ Vil | E1= Ve d(d,), and

EP[ 1{V7>K}|F;]:q)(d2)ﬁ (11)
V 1 v 1
ln]?t+(rd’[+50',2)(T—t) lni+(rd’[—50',2)(T—t)
with d, = d,= , and
o~NT—t oNT—t
- J%a P ESEDVEN RETRTD W EREIRED W XIREIIS VX ¥ 18
Therefore, the closed form solution of the value of today’s equity is
(12)

E, = V,®(d)-Ke """ ®(d,).

Equation (12) can be reduced to the BSM model formula as y, = 1, #, = 0. The actual capital

is also e """ {VaR(mean)} .
The par value of a firm’s debt, K, can be derived by the default probability desired to

achieve the VaR significance level, where a firm has an end-of-period value below K.

1o — )
(=00 (T ')"Z“"‘m. Again, K equals the expected value of the firm’s end-of-

Therefore, K = Ve
period value minus VaR(mean) or E[V ]-VaR(mean) (see, for example, Jorion (2007)).

6  See Jorion (2007).
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Hence, the VaR capital bias is measured by the ratio of equation (12) to equation (6)
VaR(mean)

VB= —r; (T-0) ,Or
V.@(d)-Ke ™" "®(d,)
VaR(0)
V,o(d)-Ke ™" ®(d,)’ (13)
anJr(,dﬁlo-f)(T_t) 1nK+(rd,[—le)(T—l‘)
with d = K 2 , d, = K 2

o~NT—t o~NT—t ’

n 2 n 2 n n n n
O-I = \j%zo-gz +[zﬂi,lae,.1 j| +{zﬂ1.10-[,.1 j| +2pd,e, y[o-d,rzlﬁi.ro-e,.z +2pd‘f,yzo-d,zzﬂi.zo-f,.r +2pf,,e,zﬁ1,to-e,.tzﬁi.ro-f,,z 4
i=1 i=1 i=l i=1 i=1 i=1

Z 1 -
exp |:(}/[ludt + Zﬂi,r(:ue,,( +/u[,,r + ptj,elo-c,zo-e,,z) _Eo-zz)(T_ [) + Za{o.z - [:|
VaR(mean) =|Min V. = L0t

—exp{(}/,,ud’, + Zﬂu(;uqz +:ur,.,1 + p["C’O',i’[O'D”[)(T— t):|

i=1

and

VaR(0) = ‘Mm{w{exp{(m,, +3 B ey, +pf,,e,0f,,faﬁ.,,,)—%af)(T— 0+ Z,0\T~ r}—l}, o}

i=1

3.2 Default Probability Bias
The default probability bias is defined as the ratio between the actual default probability
and the nominal default probability measured by the VaR.

Actual default probability
Default probability measured by VaR measure -

Default probability bias(DB) =

Actual default probability can be measured by Merton (1974) formula, when a firm’s value is
less than the book value of the firm’s debt. The actual default probability is ®(d,). Hence, the

default probability bias has a confidence level of a, denoted

o (14)
K 1
1nv—(ﬂt—50t2)(T—l‘) .
with d; = . o \/T y s M=V, +Z/Bi,1(,uq,t tU TP O-e,.fo-n,f) >
. - i=1
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and

n 2 n 2 n n n n
O'/ :\/7/20-31.1 +|:Zﬁi.lo-e,.1 :| +|:Zﬁ:,to-f,.1 :| +2pd,q}/lo-d,lzﬁi.lo-e,,/ +2pd.f,7tadAtZlBi4zo-f,,/+2p[,,e, zﬂi.to-e,.lzﬁi./o-f,d ‘
i=1 =1 i=l i=l i=1 i=1

4. Sensitivity Analysis

In this section, a comparative static analysis was performed on the VaR capital and VaR
bias. This article assumed: (i) the firm’s value consisted of a variety of domestic assets and a
class of foreign assets, and the exchange rate was the ratio of domestic currency to foreign
currency; (ii) the initial firm’s value was $100, and book value of the firm’s debt was $90;
(iii) the critical value was —2.33 at a given a of 0.01, and the investment horizon was set at
one year (T-t=1).

Monthly domestic and foreign asset-log returns data from domestic, regional, and
commercial banks in Taiwan, Japan, and Korea were used as samples, respectively. In May,
2013, the Central Bank of Taiwan reported the number of domestic bank head offices at 41,
with 3,433 branches in Taiwan. The ratio of their deposits relative to all bank deposits was
higher than 70%. In Japan, the Bank of Japan reported that domestically licensed banks
included city banks (6), regional banks (64), regional banks II (41), and trust banks (31) in
May, 2013. Deposits at regional banks were more substantial than in other banks in Japan. In
Korea, banks are divided into commercial banks and specialized banks. Commercial banks
consist of nationwide, local banks and branches of foreign banks. Special banks refer to
financial institutions established under a special act, rather than the Banking Act, and their
main enterprise is the banking businesses. Specialized banks include the Korea Development
Bank, the Export-Import Bank of Korea, the Industrial Bank of Korea, the National
Agricultural Cooperative Federation, the National Federation of Fisheries Cooperatives, and
others. Official statistics report the number of commercial banks was 52, far more than the
five specialized banks in December, 2011. Thus, Korean commercial banks were used as
samples in this paper.

Generally speaking, all bank assets can be split into domestic and foreign-currency
assets for each country. Foreign-currency assets were composed of stocks, derivatives,
bonds, and other securities, valued in foreign currencies in Taiwan, Japan, and Korea. The
three countries’ banks have similar capital requirements. The minimum capital requirement
rule for the Bank of Japan, Bank of Taiwan, and Bank of South Korean are at least 8% of a

bank’s international settlement ratio (BIS ratio).
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The monthly asset’s log returns were computed using the following formula:

B

R =log(—=-),

t=1

where P is the value of investments in domestic assets or foreign assets, from the
domestic, regional, and commercial bank’s balance sheets as offered by the Central Bank of
Taiwan, Bank of Japan, and Bank of Korea. Investments in domestic stocks and securities
were used as the value of domestic assets, and investments in foreign stocks and securities as
the value of foreign assets. The time window spanned from January, 2000 to December,
2012, and was divided into two periods. Period I was before the subprime mortgage crisis,
from January, 2000 to July, 2007, when monthly asset returns totaled 91. Period Il was from
August, 2007 to December, 2012, when monthly asset returns were 65. The time break at
August, 2007 reflects the subprime mortgage crisis that hit America that summer.

As shown in Table 1, a set of model parameters were estimated for various samples.

Note that the estimated results of 4, ,, U ,, and U, , were the expected value of equation

J-t

1
(15) plus their half variance. That is E[d(ln Aj‘t)}i-io-z' forj=d.,f, ,e,j# i The

riskless rate was estimated based on the interest rate of three-month certificate deposits.
1
d(ln Ad,[) = (/ud t _Eo-j,r)dt+o-d,r d[/Vt s
1
d(n A, )=(u,, —Eai.[)dHO',h[ dP,

1
dlne,)=(u, =50, )dt+0,, Q. (15)

Through Table 1, the respective average values of model parameters can be obtained
across three countries. The initial value of these parameters for sensitivity analysis, which
means the initial value of the riskless interest rates was 0.02579,” and the domestic weight
was calculated to be 0.8674, while the foreign weight was 0.1326, domestic mean returns
was 0.0062, foreign mean returns were 0.0359, the exchange rate’s means returns were
0.0101, domestic asset volatility was 0.0678, foreign asset volatility was 0.0033, exchange

rate volatility was 0.0270. Correlation coefficients between domestic assets and foreign

7 0. . _ . . :
M 000511665 0 0217978-2#0 0163286 _ 0.0190632: M —0.0532.

(0.00511665+ 0.0190632+0.0532) +3 = 0.02579.
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assets, domestic assets and exchange rates, and foreign assets and exchange rates were
0.0410, -0.2053, and 0.3154, respectively.

Table 1 Estimation of Model Parameters in Various Periods

Parameter Japan Taiwan Korea
Period | Period Il Period | Period Il Period | Period Il

7 0.0018000 0.0084333 0.0217978 0.0163286 0.0501000 0.0563000
7, 0.9974884 0.9982780 0.7197946 0.6550665 0.9420988 0.8915431
s, 0.0025116 0.0017220 0.2802054 0.3449335 0.0579012 0.1084569
u,, 0.0012295 0.0053171 0.0059130 0.0034456 0.0112260 0.0102740
u, 0.1596620 -0.0107720 0.0146820 0.0110090 0.0150230 0.0258340
g, 0.0103497 0.0110762 0.0091230 0.0055611 0.0140850 0.0102500
g, 0.1487740 0.0876910 0.0150700 0.0157040 0.0514070 0.0879890
0.0030430 -0.0056520 0.0029226 0.0017070 -0.0019000 0.0197880

g 0.0226410 0.0345310 0.0141429 0.0207910 0.0227260 0.0470550
Py 0.1463370 0.3566610 -0.0682020 0.0746110 -0.1846370 -0.0789420
Lo 0.0757240 -0.5819920 -0.3478620 -0.1232430 -0.0636670 -0.1907420
P 0.2605640 0.0156460 0.4844560 0.5692030 0.2647890 0.2974470

*Note: Supposing the value of the banks in Japan, Taiwan, and Korea was made up of a variety of
domestic assets and foreign assets (valued in US. dollars), and the exchange rate was the ratio of
domestic dollars to US. dollars.

4.1 Sensitivity Analysis of VaR Capital

Using equation (6), the impact of volatility and correlation coefficients on the relative
VaR capital allocation is shown in Figures 1A and 1B, respectively. There was one consistent
phenomenon, that the relative VaR increased monotonically as volatilities and correlation
coefficients grew. The reason is that increasing volatility and correlation coefficients made
the potential losses rise. Additionally, the sensitivity of foreign asset volatility was higher
than other asset’s volatilities. The impact of correlation coefficients between foreign assets
and exchange rates on VaR capital was greater than other correlation coefficients. Figure 1C
also illustrates the relationship between foreign asset weights and the VaRs first decreased
and then increased, implying that the percentage of foreign assets decreases an international
portfolio’s market risk at the beginning, then increases market risk in the end.

In Figures 1A and 1B, VaR capital sensitivity for correlation coefficients are weak,

while Figure 1C was more sensitive than Figures 1A and 1B.
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Figure 1A The Impact of Volatility on VaR

*Note that o, , 0,, , and o_, represent the volatility Y of domestic asset returns, foreign asset returns
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and foreign exchange rate returns, respectively.
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Figure 1B The Impact of the Correlation Coefficient on VaR
*Note that corr(d,f), corr(d,e) and corr(f,e) denote the correlation coeffcients between domestic asset

returns and foreign asset returns, domestic asset returns and foreign exchange rate returns, foreign
asset returns and foreign exchange rate returns, respectively.
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Figure 1C The Impact of Weights of Foreign Assets on VaR
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4.2 Sensitivity Analysis of the VaR Bias

Figures 2A, 2B, and 2C showed that the effect of volatility, correlation coefficients, and
the weights of foreign assets on the VaR capital bias generally increased based on equations
(13) and (14), respectively. Figure 2B demonstrated that the sensitivity of correlation
coefficients between foreign assets and domestic assets was greater than the other correlation
coefficients. Also, the VaR capital bias was less than 1, and increased as the correlation
coefficients increased implying that the VaR capital allocation was moving closer to the
actual capital. As illustrated in Figure 2C, as the weight of foreign assets rose, the VaR
capital bias also rose implying that increasing foreign assets enabled the VaR capital

allocation to closer to the actual capital.

VaR Capital Bias

1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Volatility

Figure 2A The Impact of Volatility on the VaR Capital Bias

*Note that o, , 0, , and o_, represent the volatility of domestic asset returns, foreign asset returns, and

dt ? Tft?

foreign exchange rate returns, respectively.

05 T T T T T T T T T

0.45F

o
w

VaR Capital Bias

o
N
a

o
[

o
o

1 1 1 1 1 1 | | |
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Correlation Coefficient

o

Figure 2B The Impact of the Correlation Coefficient on the VaR Capital Bias

*Note that corr(d,f), corr(d,e), and corr(f,e) denote the correlation coeffcients between domestic asset
returns and foreign asset returns, domestic asset returns and foreign exchange rate returns, foreign

asset returns, and foreign exchange rate returns, respectively.
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*Note that Beta stands for the weights of foreign asset.

Figures 3A, 3B, and 3C indicate that volatility, correlation coefficients, and the weights
of foreign assets positively affect the default probability bias. Notice that the true default
probability is always in excess of the target default probability implied by VaR since the
default probability bias was greater than 1, and the bias increased at high levels of volatility,
correlation coefficients, and weights of foreign assets. That is, the target VaR default rate was
downward-biased as volatility, correlation coefficients, and foreign asset weights increased.
Intuitively, these figures show that as volatility, correlation coefficients, and foreign asset
weights shrink, the potential losses decline, and the actual default probability decreases.

Additionally, the debt’s par value greatly affected the VaR capital bias and default
probability bias shown in Figure 4. As the book value of debt increased, the actual default
probability estimated in the BSM model rose. Thus the relation of the debt’s par value and
default probability bias was positive. In general, the magnitude of VaR capital bias was lower
than 1 indicating that the actual capital was greater than the VaR capital allocation.
Alternatively, Figure 4 illustrates that the default probability bias was always higher than
VaR capital bias when the book value of debt increased. This implies that the impact of the
debt’s book value on default probability was greater than on VaR capital allocation.

Throughout Figures 2A, 2B, 2C, 3A, 3B, and 3C, the sensitivities of VaR bias and

default probability bias for the correlation coefficients was the weakest.
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*Note that o, , 0, , and o_, represent the volatility of domestic asset returns, foreign asset returns, and
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*Note that corr(d,f), corr(d,e), and corr(f,e) denote the correlation coefficients between domestic asset
returns and foreign asset returns, domestic asset returns and foreign exchange rate returns, foreign

asset returns and foreign exchange rate returns, respectively.
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5. Model Evaluation

In this section, the capability of the VaR measure as rel

ated to international portfolios

will be examined in terms of the VaR capital bias and default probability bias between the

two periods (Period I and Period I).

5.1 Default Probability Bias Criterion

After estimation of model parameters illustrated in Table

1 for various samples, Table 2

shows the values of the relative VaR and absolute VaR measures in Period I were greater
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than the values in Period II in Japan, while the values in Period I were less than in Period 11
in both Taiwan and Korea. In addition, the values of the relative VaR were higher than those
of the absolute VaR for each country in every period.

In this section, the empirical analysis was performed to explain the default probabilities
of the banks in Japan, Taiwan, and Korea and the accuracy of the model from the perspective
of default probability bias. Tables 3, 4, and 5 indicate the default probability bias for Taiwan
was less than 1 in Period I; whereas it was greater than 1 in Period II, as correlation
coefficients, asset weights of foreign assets and volatility increased. Thus, in Taiwan, the
nominal VaR default rate was downward-biased in Period II and upward-biased in Period I;
equally the actual default probability was upward-biased in Period II and downward-biased
in Period I. As for Japan, the default probability, based on the VaR measure, was mostly
downward-biased in both Period I and II as correlation coefficients and volatility increased.
In Taiwan and Japan, there existed a common situation that default probability bias was
always higher in Period II than in Period I in the various scenarios. This denotes that the true
default probability was greater in Period II than in Period 1. Additionally, the VaR default
probabilities in Taiwan and Japan were downward-based during Period II. Conversely, in
Korea, the default rate bias was almost smaller than 1 during Period I and II. In general,
Korea’s situation was different from Taiwan and Japan.

Obviously, foreign asset proportions strongly moved the default probability bias close to
1 in Korea during both periods. Overall, there was a trend where the bias slowly moved
toward 1, and it described that the nominal probability of default implied by the VaR for
international portfolios came near to the actual probability of default in any case. Thus, the
results show the performance of the model presented by the article under VaR capital bias

criterion was accurate.

Table 2 VaR Measurement in Two Measures for Various Periods

VaR(mean) VaR(0)
Country
Period | Period Il Period | Period Il
Taiwan 1.610645 2.492830 0.986723 1.980870
Japan 2.156145 2.080330 2.087321 1.771370
Korea 1.965845 2.477730 1.342921 1.449970
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5.2 VaR Capital Bias Criterion

The VaR model’s performance can be examined using the VaR capital bias criterion.
Conditional on the levels of correlation coefficients and the weights of foreign assets as
shown in Tables 3 and 4, the VaR capital bias in Japan declined and was greater than 1 in
both Period I and II. However, the bias generally increased and was less than 1 in Korea
during the two periods. In Taiwan, the bias was negatively related to the correlation
coefficients and its magnitude was over unity in Period I; the relationship was positive and
its magnitude was under unity in Period II. In Taiwan, the VaR capital allocation exceeded
the actual capital in Period I, and was under the actual capital in Period II. On the other hand,
there was a negative relationship between the weight of foreign assets and Taiwan’s bias in
Period I, the bias was greater than 1. However, there was a positive relationship between the
weights of foreign assets and the bias for Taiwan in Period II, the bias was less than 1.

As for the relation between volatility and the VaR capital bias, Table 5 shows that it was
a negative relationship and the magnitude of the bias was larger than 1 in Japan during the
two periods. For Korea, the relationship was positive and the VaR capital allocation was
smaller than the actual capital in both periods. As for Taiwan, the bias decreased as
volatilities of foreign assets and exchange rate increased in Period I, and its value was over
1. However, the bias rose and almost dropped below 1 as the volatilities of foreign assets and
exchange rate increased in Period II.

Throughout Tables 3, 4, and 5, there are two interesting phenomena. First, banks in
Japan should increase actual risk capital, since measurements greater than 1 meaning the
actual capital was below the VaR capital, while Korean banks keep sufficient capital on hand
since a magnitude lower than 1 denotes the actual capital exceeded the VaR capital. In other
words, all of Japan’s banks should hold more risk capital than Korea’s banks in order to
prevent bankruptcy. As for Taiwan, banks generally need to increase their risk capital in
normal situations, whereas they reduced risk capital to prevent a default probability during
the subprime mortgage crisis. Second, despite the default probability bias and the VaR
capital bias criterions, the risk capital estimated by the VaR model presented in this article
generally trends to the actual capital, which implies the accurate performance of this model

based on the VaR bias criterion.

6. Optimal Asset Allocation for International Portfolios

As shown in Figure 1C, the relationship between the proportion of foreign assets and
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VaRs is a parabola. At the beginning, when the proportion of foreign assets increased, the
maximum losses in the international portfolio decreased. But, the maximum possible losses
to the international portfolio increased as the proportion of foreign assets increased. What is
the optimal proportion of international holdings? This section will minimize the VaRs in
order to obtain the optimal foreign and domestic assets’ weights.

Therefore, the problem is to minimize the objective function of the relative VaRs shown
in equation (6), subject to the sum of the weights of foreign assets and domestic assets being
equal to 1, implying investors could long or short international portfolios. That is also

described as follows:

Min VaR(mean)

Voo B i€{1, 2, 3.0}
n
S.t. v, + Z ﬂl = 1
i=1

Then, the Lagrange method is used to solve the optimal weights of foreign assets and
domestic assets. The Lagrange function is described in equation (16).
L =VaR(mean)+ A(1-y, - Z B.)
=l (16)
Then, the first order differentials on the weights of domestic assets and foreign assets, the

Lagrange multiplier, respectively, were shown as below:

oL 1 do; JWMZIZ,(#@ AP 60 O ,)—%af)(r—mzaa, Tt
oy T-0+Z, —\/ -
87[ t|:(/ud,z 2 a J( ) i|

n
eJ:(y“u‘/-'+zﬂi-‘('uFiJ+#’1~’+p1}vf'iufiv‘6”ivf N Tﬁ[)}
_ =l —
Vuud t =0

(17)
oL 1 907 80‘
—=V + + o,0 JT-t)—— \/
aﬂ’.’[ t|:(ﬂe,-.t luf,.,t p[,,e[ f,t7 e t)( ) 2 aﬂ’[ :|
meZﬁ U+l P 1,40 1 O »——«r AT-0+2, o,JT_t}
X a [/t(ltlcj,t +luf,,t + pf,.,cio-fi,zo-ci,[)(T_ t)
J(mzd.,iﬁuwwwn.,+p,,,e,of,..,ae,.,>><T~r>}
x =0 (18)

L _
ﬁ”

From equations (17), (18), and (19), the equation (20) is obtained.
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o1
zud,r |:(1uo,.,1 +:uf,,t + pfj,cio-f,-,to-ci,[) NT—t- E + ZaCt ? E:|

Ek 20)
= (:ue,,r +lufi,r + p[},eio-f,,ro-ei,t)|:(ﬂd,( - Gr) NT—t+ ZaCt ? Gr}

with
n 2 n 2 n n n n

Cx = },IZO.(ZH + (z i,[o-e,.zj + [Z ﬁi‘to-f,.zj + Zpd.e, }lfo-d‘tzﬁi‘to-e,,( + 2pd.f, %O-d,tz :Buo-f,,r + 2p[,,q Zﬂi,to-/,,zz j‘zo-e,,r ?
i=1 i=1 i=1 i=1 i=1 i=1

for i€{l,2,3,...,n};

n n
F; = O.e,,l (Z ﬂi,lo-e,.,l j + O.[,.,l [Z i,lo-fi,l J + pd,e,}/l O-d,lo.e‘.,l
i=1

i=1

n n ?
TPar V04O T Pre |:o-1f,,t (Z ﬂi,to-e,,tj +o., [Z ﬂi,to-f,,zj:|
i=1

i=1

for ie {1, 2, 3,....,11} ;

G =Y,05,+ P4 O (Zﬁi,peptj+pm o, (Z,Bi,pfptj ,for i€{1,2,3,...,n}.

i=1 =1

For simplicity, one can use the Matlab program to solve for the optimal weights of foreign
assets, Pit> and domestic assets, ¥¢ for i€ {1, 2, 3,....,17} in terms of equation (20). Bit

and V¢ are functions of model parameters Oy > O s0, s Py s Pae P -

Based on the estimated results of Tables (1) and (2), the optimal foreign weights in
Japan, Taiwan and Korea were 0.06178, 0.52164, and 0.31351, respectively, during Period I,
and 0.04178 in Japan, 0.46153 in Taiwan and 0.26156 in Korea during Period II. Table 1
discloses that the actual weights of foreign assets were 0.0025116, 0.2802054, and
0.0579012 in Japan, Taiwan, and Korea, respectively, during Period I; and, 0.001722,
0.3449335, 0.1084569 in Japan, Taiwan, and Korea, respectively, during Period II.
Therefore, bank managers should increase the actual proportion of foreign assets during a

normal economy or the subprime crisis period.

7. Conclusion
In reality, investors generally buy not only domestic assets but also foreign-currency
assets in a highly integrated global financial market, especially banks. However, previous

research only focused on either domestic assets or foreign-currency assets, but not both in
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the same context. This paper provides a VaR model for the management of international
portfolios including domestic assets and foreign assets. The model can be regarded as an
incorporation of Kupiec’s (1999) model and Chen and Liao (2009) model.

Kupiec (1999) showed that VaR capital estimates are biased owing to neglect of the
interest that must be paid on debt. As to international portfolios, the magnitude of the bias in
capital or default rates mainly depends on correlation coefficients, foreign-currency asset
weights, and asset volatility. Furthermore, there is an interesting phenomenon where the
foreign asset weights enable VaR capital bias to grow to unity, implying a firm’s VaR capital
allocation trends towards its actual capital. In other words, when the magnitude of foreign
assets is larger, the model is more accurate. Alternatively, the empirical results show that
Japanese banks should keep more sufficient capital than Korean banks. As for Taiwan,
domestic banks generally need to increase risk capital in normal situations, whereas they
should decrease their risk capital to prevent a default probability during the subprime
mortgage crisis.

In addition, the VaRs were minimized to obtain the optimal foreign and domestic
weights. The empirical evidence shows that the actual proportions of foreign-currency assets
were less than the optimal weights, representing that bank managers should increase the
actual proportions of foreign-currency assets during a normal economy or a subprime crisis
period.

As the economy becomes more globalized, this contribution will give some instructive

suggestions to financial corporations and agents.
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Appendix A
Owingto V,=A, + z e.A;, ,using Ito’s lemma, one can obtain
i=1
dv, dA,, 3 de, dA,, de, dA,,
=V LB et | Al
v t A, ; [ € Af,.,z € Af,-,t @.1)

. Ad t eitAf. t . . . .
with Y, =——,and fB,,=——". Substituting equations (1), (2), and (3) into
vV ' v
(A1), t ‘
the consequences are

' [V,ﬂd,, +> B, U, +P, 0,0 } di+y,0,,dW, +[Z .0, }dQ[ +[Z B.o., }df,’-

Q.
<

i=1 i=1 i=1

Appendix B
The solution of relative VaR for international portfolios is proved by the definition of
VaR, given a confidence level of a, expressed as
PV <Va)=a. (B.1)
Based on the relative VaR being denoted by VaR(mean) = E(V,)-Va, equation (B.1) is
transformed into
P (V.- E[V,] <—VaR(mean)) = a. (B.2)
By the application of Proposition 1 to equation (B.2), we obtained

In[~ VaR(mean) + E(V,)|= (t, = 02X =0 ~In(V)
Z = B
“ o~NT—-t (B.3)

n
in which u, =yu, + Zﬁi,t(ﬂe/.t tH P O-e/,lo-f,,t) , and
i=1

n 2 n 2 n n 1 n
o= J R DT D R EETRED RS W WED W X
i=l i=l i=1 i=l i=l i=1
From equation (B.3), the result is

z 1 e
exp{(}/,,ud_, + Zﬂm(:ue,.t +lufl.r + pf,.e,o-f,.to-e,.z) _50-12 )(T_ t) + Zao-t Tr- t:|
VaR(mean) =|Min{V, - ,0

_exp|:(7l:ud‘1 + Zﬂi.t(:ue,ul +:uf,.t + pf,‘o,-o-l,‘to-e,-.t )(T_ t)i|
i=1
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The absolute VaR formula can be obtained by

VaR(O) = ‘Mln{vt{exp[(%ludl + Z ﬁi,t(#e,-,t +ﬂf,,l + pf,we,-o-f,-,lo-ept) _%O-rz )(T_ t) + Zao-z VT - [:| - 1} s 0}
i=1
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