EKRXNEERE 2015/6
325 & 240 181-214
DOI: 10.6226/NTUMR.2015.0ct.R. 12041

L SABR-LMM FUISEE {7 R o 1724 1 G2 G S
iz pgat

Pricing Interest Rate Derivatives with SABR-LMM Models

EIE / B b SRS 0 A ek R AR
Shih-Kuo Yeh, Professor, Department of Finance, National Chung-Hsing University

TSGR / P AS AT 2 2R & Ak 35 SRR B 2 R 1L T 5 Rl R 2R R R 8
Cheng-Han Yu, Specialist, Market Risk Management and Global Financial Markets Risk Division, CTBC
Bank

Received 2012/6, Final revision received 2013/10

mE

BERTEFREEDEMNERRZHNE T AN E - Eim N KB E %P ERER
A VISR H AR o AFF% Y R A% | Mercurio and Morini (2009) Frit ¥ # SABR-LMM
BMAGPEARATER SR T S 0 BT 7T LUH AR R 18 & 0k 8 JZ P 37 0 305 i 4R AR
FEN THTUESAMHEME KAHAREBRE —FEBHBSNRETERLT  F2—
AN R A FIEWHE R ETSBRE - g B R TR T A HE
B E AR RN EE 2 RSB ERRER S 8 —E U A 0 7 18] R A B F X2 H)
HEBERESZ MW EER -

FEREEAR > B3 SABR-LMM A GBH T B MR ER TIH LA R GRERE
BT R R B B E i E 7 4b > AL $E B SABR-LMM A T 32 £ 5| & UL K B K
B E e AR - 3L B E B ME SRR S A 0 3 B SABR-LMM A B AH 45 iy
LIBOR WA A e st b b Wy 3t 5 L f (7 2 B KA B 5 -

[ BA$E= ] SABR # A « FEM Y 8 & -~ LIBOR W3R
Abstract

The appearance of implied volatility smile or skew has been well documented in the options
market. However, it is very difficult to obtain closed-form solution if stochastic volatility is
taken into account. This study employs the SABR-LMM (LIBOR Market Model) model
proposed by Mercurio and Morini (2009) to price interest rate derivatives. The model can
derive an approximate closed-form solution and explain volatility smile or skew
phenomenon very well. This study also develops a unique procedure to calibrate the SABR-
LMM model to market transaction data successfully. In addition, we derive the relevant
hedge ratios considering the correlations between interest rates changes and volatility
changes, which can provide concrete guidance for traders to judge the interactions between
interest rate changes and volatility changes. This study also conducts an empirical
examination to find that the SABR-LMM model can sufficiently calibrate the whole interest
rates swaption volatility surface and accurately capture the volatility skew, which cannot be
well dealt with traditional LIBOR market models. Finally, we simulate the forward rates and
stochastic volatility dynamics under the SABR-LMM model and use the result to price
interest rates products numerically. Also, this study demonstrates the differences and the
advantages between the SABR-LMM model and LIBOR market models while calculating
hedge ratios.
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FEIRIE -

GHH LMM BEIE R E B FRY55% AR 28 iR T Z ERE I e
Y LMM #1575 (Stochastic-Volatility LMM Model; SV-LMM)' * Henry-Labordére (2007) Hil
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Dependence of Black Implied Volatility on g

034 T T T T T T T
_—— - 'Bz 0
0.321\ —— [=0.5
1 BN f=
0.3F \ |
0.28
. 0.26
E .
5

0.24

0.22
0.2
0.18
016 1 1 1 1 1 1 1
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
Strike K

2 28 pHKRIEMKHRIIEE

=28 o

p(-1<p < 1) BIEHE 7 G B E MR - — RIS - L E 2R Em R
% fEE 3 FIEHE p B 0 B - BERREORSEAE - MIRCHE > & p BUERIT -1 I - diiR e
I - HSE a2 R H AR A HH R -

187



YA SABR-LMM #% A8 i F7 4] F 47 4 M £ 5k 78 ob 3P 18 AR 5T

Dependence of Black Implied Volatility on p
0-35 T T T T T T T

0.3

0.25
x
8
6

0.2

0.15

01 1 1 1 1 1 1 1
-2 15 -1 -0.5 0 0.5 1 1.5 2
Strike K
3 28 p HREEMXHMENEE

g~ 28 0

R I B R ENE 2y (v > 0) - i A TOE R 76 e dhir
FIBASERERE - AHER B8l p (B~ p (ELAYIE DISE o & i B R (E SN AU B 73 1) B i fE A
BorE ) v BPED R AR S iR R R B IR % - (EE 4 AR HE v Hill
RANGASEHIHR ASE IR E B » SOZIRER -

188



SEREERE F25 552

Dependence of Black Implied Volatility on v
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%l - Rebonato (2007) /572 %5 SABR FZHERT R —EF Ry IR, - (Ea%aTH SABR-
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Maturity Bond Price Maturity Bond Price Maturity Bond Price
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2005/9/29 0.99994 2010/9/30 0.87028 2025/9/30 0.47625
2005/10/3 0.99971 2011/9/30 0.84144 2026/9/30 0.45679
2005/10/7 0.99947 2012/9/28 0.81213 2027/9/30 0.43828
2005/10/31 0.99806 2013/9/30 0.78224 2028/9/29 0.42057
2005/11/30 0.99628 2014/9/30 0.75248 2029/9/28 0.40378
2006/3/21 0.98959 2015/9/30 0.72317 2030/9/30 0.38799
2006/6/15 0.98424 2016/9/30 0.69447 2031/9/30 0.37283
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2006/12/20 0.97192 2018/9/28 0.63928 2033/9/30 0.34471
2007/3/20 0.96576 2019/9/30 0.61274 2034/9/29 0.33170
2007/6/21 0.95929 2020/9/30 0.58773 2035/9/28 0.31932
2007/9/20 0.95286 2021/9/30 0.56352 2045/9/29 0.21730
2007/12/19 0.94641 2022/9/30 0.54031 2055/9/30 0.14918
2008/9/30 0.92579 2023/9/29 0.51812 2025/9/30 0.47625
2009/9/30 0.89842 2024/9/30 0.49671
2005/9/29 0.99994 2010/9/30 0.87028

Data Source: Bloomberg ICAU

T4 EBFEERTHZELPREZEER (BN %)
Expiry(Year) 1 2 3 4 5 7 10 12 15 20 30
Cap(ATM)  12.37 18.33 20.51 20.97 20.89 2045 19.36 18.67 17.72 16.83 15.69

Data Source: Datastream
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® 5 EFBTRETRBBEMEN (B %)

Expiry/

Tenor 1Y 2Y 3Y 4Y 5Y 7Y 10Y 20Y 30Y
1 Year 21.50 21.90 21.50 21.00 20.40 19.10 17.60 15.30 14.60
2Y 21.60 21.30 20.70 20.00 19.50 18.50 17.30 15.20 14.70
3Y 20.90 20.50 19.80 19.20 18.60 17.80 16.80 15.10 14.60
4Y 20.00 19.60 18.90 18.40 17.80 17.20 16.40 15.00 14.40
5Y 19.10 18.70 18.10 17.60 17.20 16.60 16.00 14.80 14.30
7Y 17.80 17.00 16.60 16.20 15.90 15.60 15.20 14.30 14.00

10Y 15.90 15.20 14.80 14.70 14.60 14.40 14.40 13.60 13.10

15Y 14.10 13.70 13.50 13.40 13.30 13.20 13.20 12.40 12.00

20Y 13.20 13.10 13.10 13.10 13.10 13.10 13.10 12.10 11.90

25Y 12.90 12.90 13.00 13.10 13.10 13.20 13.10 12.20 12.20

30Y 13.00 13.00 13.00 12.90 12.90 12.90 12.90 12.30 12.30

Data Source: Datastream

FERERS L Se B R A SR AR R 1R - T AT DRI N2 (13) ~ (14) 20 - st 22 B A
RELE A RN Z S A7 E S F SR G FrE AR E A pIEHEH HAT
=6 A KA EIBEFISE (F(0) = F(O;T . T) » T—T,=0.25yr» T, = 0) 5 BF]
SR « DA F 5 BT BIEIACIASE (S,,(0) » T, T,= 0.25yr) » MBLARS BRI
Caps HLFI3 Swaptions HESEEHIE -

P(6.T-1) — P(6T))

Fi(t) = 13
1O =""p0T) (13)
6,0 = PETD =PGT) _PGT) —P@ 1)) .

b TPLT) Cap(t)

5 T 3% SABR-LMM HAIGEH HHE LLBR ARG » MM S TR IR B R R Bh - ARt
72533 Brigo and Mercurio (2006) HY LMM EA/E B SRR - S S8 32 AU 1T A 2R
HOREAI 22 B e TAF - B (AR By S I PL RS - (HRERZRE SABR-LMM AR S H
IEEfHIERTIEE -

FARHERT LMM R HERYRE SR IR0« ASCARHE Brigo and Mercurio (2006)
RECBE AR Z e B RS E A DL T RYZ2 8

0; = ([a(Tiy — t) + d]e PTi-170 + () (15)

T 22 B e B R sKHY LMM R S F[=R Caplet Y3 G (B A% B i (B A T i/ I ME 72
SFAHM TG E WEHE R B a=04593 b =1.0241 * c=0.1346 ~ d =
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-0.1381 » FF & L s B A BEIE (Hump) HURAE -

FERE I AH B PR RS T A0 53 BAF B R AR IIE B 2 p, ;= e—eITeTil - R
F Brigo and Mercurio (2006) 1 LMM f&#I~ Hull and White (1990) HY Swaption J7 8 &
TR - PR e RIS SR 4 = 0.0062 ©

LORETHEATD - FHA SABR B SABR-LMM EAIGESHHE B T 85 U B SR
R REE ESAE R R E R e B AR R B I PR A 28 - Fr DA 77 2 A
G A1 A S A7 B B h i B e - [RIRR O - FRMIRES (E FH A =R Caplets B AR
Swaptions HfEFEZUE SABR-LMM HUFEAI 228 o ZHE F - HfR Caplet FyBZAHART —
HHHY Swaption - [AlE s HERY 5 =B Swaption — B A] DABEFE (10) AR SR E A
MASCHE L E TSI ER A S HUSH Swaptions (F R ERMKE - M LR TE
SERURERATHOERIRRE R B RERE I - AR FER IR E R BOTH R AR R RE L B
FEEAS B Ry E R EA0ER 6 s -

%6 TRHBZBTHETRSBIERE (81 %)

Strike (Difference between the ATM Strike in bp)

Expiry Tenor -200 -100 -50 -25 +25 +50 +100 +200
1 Year 10Y 29.11 20.84 18.63 17.97 17.38 17.38 17.81 19.73
5Y 10Y 23.80 18.63 17.02 16.44 15.67 15.47 156.37 15.83
10Y 10Y 20.79 16.65 15.31 14.80 14.09 13.88 13.69 13.93
20Y 10Y 18.96 15.17 13.95 13.47 12.80 12.59 12.37 12.48
30Y 10Y 18.34 14.82 13.69 13.25 12.61 12.38 12.11 12.05
1Y 20Y 24.75 18.04 16.47 15.76 15.06 15.05 15.45 16.92
5Y 20Y 22.23 17.36 156.80 15.23 14.48 14.29 14.20 14.70
10Y 20Y 20.19 15.94 14.54 14.01 13.28 13.06 12.88 13.17
20Y 20Y 18.21 14.29 13.00 12.50 11.78 11.55 11.33 11.49
30Y 20Y 17.76 14.22 13.09 12.65 12.01 11.80 11.58 11.61
1Y 30Y 23.77 17.27 15.79 15.07 14.35 14.33 14.73 16.18
5Y 30Y 21.75 16.88 15.31 14.74 13.97 13.78 13.69 14.17
10Y 30Y 19.83 15.48 14.06 13.52 12.77 12.57 12.42 12.75
20Y 30Y 18.10 14.12 12.81 12.30 11.58 11.36 11.16 11.35
30Y 30Y 17.69 14.20 13.08 12.65 12.02 11.80 11.58 11.62

Data Source: Bloomberg ICAU

FeAMigFe 5 Bk 6 HANFEIEHIE T Swaptions FYRIEGRE 5 - 2R (B B EE
TR - FH 8 AT DUE A R E R B A S0 R Y Swaptions P B (EA% - 3-F-HT
T R fE P I ARR S I B R 1R E AN SRR S I B R m Y T s dh iR
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%,

» R AT DUE T35 R B RYA2 S 3R i 2 I Bl RSl TR s [ 2 e 2

EUR Swaption Volatility Smile Quotes

035+

034

0254

0.2+

015+ '

0.1 o "'/Z/,{/J'/L{{f{”’?

200

........... D
-100

Expiry / Tenor 1x10 200 Strike K

5 FIFIZBGEREE 2 THIZKRE EHMERE

FERRERIAAE SRR TES R AYE - 35 7 SRl s S R B AR (]

130 4) - FERARBIRTAHERERI R G RT 2 BURIRE 2 > i LR EE R &2
HRCREMALE IR ZAURFH - A AR — R Se BRI B L AR AT © AW IEERG
T LU RS B rT RIS 2 B R T TR ERV SR - il T

)

)

(€))

Hagan et al. (2002) $2E] g 2 80] DARIE /el & Ea M E - 1 West (2005) FIERE
SATH g pE R DIESE - NG B2 B MR UERS SR - AR
FOBERAZZ R IEEME - RIS p= 1 AR S HEBE B -

SHHN » AAFFETESCE I —(ERE R B AU B I 2 8y WIRTEAE v, (TERLERE v,
=0.5) BHEEEGRABRSHEEERNAK A o HEHE R E—GREBIE K
Kl iR LR R R - (SEPRIIZHRERE S | T ATHERERI 22 3L

V&P ~oap ~ php fhiEHE - EELL EBIIEEEISE R AT 2 BIE T -

% 0 FRET ST R R B Hh 22 8 v By 2 e 1L (Global Optimization) &
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6 fs A H SABR-LMM AU A% 48 H A FI =R Swaptions 2 8h IS HA ]
"I DVEH A SABR BN FEFRERERF 1Y LMM 58 > FEE n] DAIHIE 25 _ L5280
Bh R RICE TSR o FHEHMEAEHY LMM AL - H R R B A Ry TR BE A pR B e - ERIBL
RESHAT B —J@HI(E NAYFIZR Swaption HETTIZHUE - HAN[F] R A E Y Bl B i B A 22 0

—
N
iy
i.;_!‘l—jf\l
5
{3
&
=)
&
W&
B
)
g
z
R

035~

e e

095 o

Soul v

200

102 100
1x20 0
10x10 100

Expiry / Tenor 1x10 200 Strike K

6 SABR-LMM #&EY i &) fE thm i B fE 5B

1A [FEI A R Y LB AT T A2 2 ] 7 - 5% 18 Fs LMM LUK SABR-LMM g f
RITIHIES 10 - X 20 FA1=R Swaption AT HEHARAURG R « HAEHTH LMM fRALE
(B PR PR P AR HH AR A SRAHE AG I > BRZEAE 10° LT » ZRTTANRT SR 2 £HY
LMM R 2[R R R E K T Ay B B fE D - RILAE LMM BN By B
Fy—RERR -

HEEAEEAE T ANKE TR - SABR-LMM R/ it i ) & 4% 4 (R At
T D RS SR E A B2 AT RE S 5 B AR HE HH B (e B R il - Horf SABR-
LMM AL R AE SR Y 387 1 o i ey 2 2B O3 7R (SSE) K 0.0599 © FRIFL.ZAN -
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R 7 ZEHEAGRZH - HER P REIRHAREERE - SREIEHE S (1 F£AREEE)
iR (20 SEDL EFHE ) BYF]ER Swaptions © SABR-LMM R 7F 2 HE AL Hh e A= 1Y
RAEEBA - FNHEIHHWRE NS 2 B R R AR UERRE T » & B Ry R R AR 42
Mercurio and Pallavicini (2006) Hy#£3 - fIFEHI{EH CMS FYEZEZE ¥ SABR &4
HELT T EF%E (Convexity Adjustment) HYFUE T - R RES SERSHERYMHE T HIRF Sl
B p 2HUE - [FEM - HHEEIRIEEREFE R SABR-LMM A2 B UER) T/E - A8
BRI FE R e E pER T - tHEREIS B S HERU BRI UERS S - SRR &
FEE 5K T Py 72 2B HYBR A= U RERRREF 26 -

Volatility of 5y/20y Euro Swaption on 2005/9/28

023 T T T T T T T T
L *  Market Quotes
0.22 SABR-LMM 5
———-LMM

Implied Volatility

ATM

0.02 0.025 0.03 0.085 0.04 0.045 0.05 0.055 0.06 0.065
Strike K

7 AEMEEE 10x20 FIRZREFERERR

R 7 SABR-LMM 128 2z B H#ERE

Tenor/Expiry

(vear) 1 5 10 20 30
10 0.084 0.017 0.008 0.042 0.042
20 0.055 0.013 0.009 0.045 0.045
30 0.050 0.011 0.011 0.046
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e - BMISHEIE S SABR-LMM U FEHER) 2 3075 S5 52 8 ik 9 » 1
RS BEOHIERS R B = 1 ) — 0445 T 8 B35 0 Sk F 5 FRySEFE
I (7 R P A B R R+ L PR B R B FR R BT (1) 3 22 B LA 5
S Bt () b SR SRS Y e R R - (PPl b 5 0 e LB
2 HH SRR B e D e SE B B+ 77 W and Zhang (2006) HHzHEE(3E
A SRR R R A -

il

3% 8 SABR-LMM 1827 i 8l & 3 B 1R B Am R
K 1 2 3 4 5 6 7 8 9 10
o, 0400 0399 0399 0226 0223 0221 0219 0217 0217 0216

< 9 SABR-LMM 125! 27 ERAF BB EE R

Rate/Rate and Rate/Volatility Correlation Matrix

0.827 1
0.763 0.827 1
0.703 0.728 0.795 1
pz?jj 0.693 0.702 0.727 0.805 1
0.689 0.692 0.701 0.733 0.805 1
0.687 0.688 0.691 0.707 0.733 0.805 1
0.686 0.686 0.688 0.697 0.706 0.733 0.804 1
0.686 0.686 0.686 0.693 0.697 0.706 0.733 0.804 1
0.685 0.686 0.686 0.692 0.693 0.696 0.706 0.732 0.804 1
Py -0.400 -0.399 -0.399 -0.177 -0.173 -0.170 -0.168 -0.166 -0.166 -0.165 1

£ ~ BB T

TEMYESE R BT AY 2 800 - PRI AT DIRIZRT (4) ~ (5) ZUor B i HA A =R
BB W] A2 SR R R B RERR AR » 5T 8 DB A1 3R B0 A7 $R R G (8 g [ 2 A 2k v o 15
8 - K55 B rE TR OTC s RAYHN AT A ME S RpE oL« B E BRI =R 223
(Constant Maturity Swap; CMS) Eil [& & 8 [R F1] 2 22 # Fl| 22 3 = #  (CMS Spread
Option) » AGERAHEZPEGLTY SABR-LMM AN 2 2HE = -

CMS By —fl R IR R A SR A - B E & T ROR KK E R R E R T =
[T,T, TN AKIRELR) EATTEE RO AR — RV H S B R o ik
FIZRAZ 450 Py 2 BV Bl B AR A 1 280 F 3 18 5 B¢ 6 {8 H #Y LIBOR -+ 281 CMS AT
(EAYFIERAGIE TS E o A ENFI=R e 2 LIBOR i 2 & B AR AUAZ A=K » HHF
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SR LA AR R -

RS AT (OB RIS B [ IR, ¢ MOZSHRRIR (BI 7, - T=¢) > HIE
FHEB BRI T, AL BRI S, (T) 2B s, B
W (14) ZRARHR -

BRI CMS FABSES £ = 0 BUSZHE(E R, (DUBIUE B k)

n
D POT ) (Sinio1reTin) = K

i=1

E

n

= 5 POT ) [F (Siaioare(Tin) — K]

i=1

= 2 T (P(O, T,_,)E" (%) - KP(O,Ti_1)> (16)
HrEC) B o I E NI ERE - 155K E CMS SR S E AR - FFitEH
ENS, (T ) EBCE(S,  (T)/P(T,,T)) BIEASEME - iME(EE0 5 7] DA F St R R e
% (Monte Carlo Simulation) f&# HEIAAZHRAVEIREETE - £8H (26) AR K CMS
AR {E(E -

£ 10 B—EHEAER | {EEUCHIRTFHA Euro CMS 225 » #HEHRE=EH

ST E FIZR 2% » T B =R s R A AR Swap Rate ©

-1, i- 1+

3} 10 FLEHA Euro CMS 2Y Swap 2§18

Deal Definition

Deal Type CMS Swap

Notional Currency EUR

Start Date 2005/9/28

End Date 2007/9/28

Coupon Leg Position Pay Funding Leg Spread 0%

Coupon Leg Notional 10,000,000.00 Funding Leg Notional 10,000,000.00
Coupon Leg Fixed Rate 2% Funding Index 2Y Euro Swap Rate
Coupon Leg Frequency 3m Funding Leg Frequency 3m

Coupon Leg Basis 30/360 Funding Leg Basis 30/360

HfF153 BB R RIS R i = (8 H A BAE e HHR AR (S, (T), i =
0.25~2) » fR4E (16) FUFAT AT DUF F A H8E Hi Y o 48 A2 43R5 SR B HH 25 TV B AR Y
MEITERIE - FRF R TR (E i B R E AR B0 R i b < B ER A - RS RA0R 11
FT7
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5 A T B 5 AR 052 58 5202 (B (Mark to Market Value) &
R - EIREEEAE 5 R ALY - IS P B A BRI — (B (Spread)
[ PRREEER 0 - DA B S EpE R B - TS RIS TS 26bp HI AT LA
HE2 2 R 0 -

& 11 SABR-LMM &8I CMS Swap B miEEHR

Fixing Date Swap Rate Discount Funding Leg Coupon Leg Deal PV
Factor Cash Flow (PV) Cash Flow (PV)

2005/12/28 2.52% 0.9946 250,639.20 -298,380.00 -203,100.5
2006/3/29 2.60% 0.9891 257,166.00 - 296,730.00

2006/6/28 2.67% 0.9834 262,567.80 - 295,020.00

2006/9/28 2.72% 0.9775 265,880.00 - 293,250.00

2006/12/28 2.77% 0.9714 269,077.80 - 291,420.00

2007/3/29 2.82% 0.9651 272,158.20 - 289,530.00

2007/6/28 2.89% 0.9587 277,064.30 - 287,610.00

2007/9/28 2.94% 0.9523 279,976.20 - 285,690.00

[ 2 HAPR A1 322 #A (8 7238 1 4 (CMS Spread Option) 2 AZ A FI S5 i ([ AN [F] K HAZZ
AR R — BB R RIAZIER (10 FEZEF] 30 4F) HHERKIAZZHE CEEE
24) o R EEE T EIRB SR AN R EBRIBIEANE 177 A 150 B o B R
Ko DU TR KA - HIRE N ZAZ S5 B S — (8 S 5= KA R BN
KRIAAZHAER .2 CMS » HIIE R R IHAA R BT R I AZ R FZERGE I — /K HER - 1&
AFFEFIHR EIRE#E (CMS Spread Caplet) AJ $& it — ([ F1] 38 (5 2= (£ 3# - 3% CMS
Spread Caplet ZIRHYE ~ FARIAZIGRGHIR S, ~ S,y > b [BAIER K H3EHE
JEAIITRE Ry T - HISSEFERER SR R B T -

max([S, (T)) - S, (T)] — K.,0) (17)
AlE » CMS Spread Caplet [AFFE: ¢ = 0 BRFRY B GREE R ¢
P(0,T) Efmax([S,(T) - S, (T)] — K,0)] (18)

Hordr Eo() T O« IR YA (E R B - [RIRRFAM AT B A 52 3t - AL 6 L1 R LB AT =R
Y B RE B AR LR A RS (T) WY [F (T).F, (T), -, F(T)] B& S (T) HJ [F(atl)
(T).F, (T),, F(T)] MiALEIHFER - FEARER R (E s R 1 (3 222G T RSt

FIEME -
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X 12 RIEEHA Euro CMS 10Y -2Y Spread Cap 22#91&¢4

Deal Definition

Deal Type CMS Spread Option Interest Basis ACT/360

Notional Currency EUR CMS Convention USD_Swap_SemiBond
Position Buy CMS 1 Tenor 10y

Strike 0.5% CMS 1 Index 10Y Euro Swap Rate
Notional 100,000,000 CMS 2 Tenor 2y

Option Start Date 2005/9/28 CMS 2 Index 2Y Euro Swap Rate
Option End Date 2007/9/28

Caplet Fregency 3m

Payoff: Max{ (CMS1-CMS2) — Strike,0 }

& 13 SABR-LMM #&#!F CMS Spread Caplet & fmiFE#ER

Fixing Date CMS 1 Index CMS 2 Index Discount Caplet Deal PV
Factor Payoff(PV)

2005/12/28 3.48% 2.52% 0.9946 45,849.45 130,847.02

2006/3/29 3.16% 2.60% 0.9891 6,057.38

2006/6/28 3.25% 2.67% 0.9834 8,275.98

2006/9/28 3.34% 2.72% 0.9775 11,295.23

2006/12/28 3.52% 2.77% 0.9714 24,190.37

2007/3/29 3.37% 2.82% 0.9651 5,098.72

2007/6/28 3.70% 2.89% 0.9587 30,079.89

2007/9/28 3.13% 2.94% 0.9523 -

PRI - BfTRER SABR-LMM BB EERT /R G52 FIHAN RS FHAZC R S,
DUR H BB R B i BhRERE R AG AN &l 8 Bl 9 - HHiE v DLE A FINF RS N 2 B A
A AHENE R DA AR DU TET © i Zhu (2007) $2E] SABR fE7 1357 8 BE H I Rl
NEEYEIRERAIMEE - 5B B PP AR R KRBT & -
Monte Carlo Simulation of Forward Swap Rate
0.0315

0.031 AM‘//A
M

—S2y,4y

0.0305
2005-09-28 2006-03-28 2006-09-28 2007-03-28 2007-09-28

8 SABR-LMM {RE T EHIZ R 2 1 HHER
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Stochastic Volatility Simulation
1.02

1 M
na o WW'W

—V2y,4y

0.98
2005-09-28 2006-03-28 2006-09-28 2007-03-28 2007-09-28

9 SABR-LMM 1REI TR B3R ZARBHER

{Ef#E ] SABR-LMM fEAISHE CMS fHRARG SR - Fy T ReiR A 5 B —(EIEME ST
[ 2 A e T = A8 i B R iy P A ey TR AZ LR R - DA T RRBA M ST 45 5 2 Bl )
FE i (S 2R e f EER - FE (A LMM E1 2 = FE ) #)F SABR-LMM A
ZER .

i LMM IR 5 Delta F#{%5 FE AT F1) 28 B8 888 8y 36 o i (B (B P E Y 52
2 [AlRE S A R B R A R S0 T o 1 E R LR R B E R B R B A AHRE M
RIHAEETE Delta I E S 8 RIF =B 8 A ph i B E TS R BRI 2 - [RIRM -
1L Vega Wit FET FRARAYFIZRAZ 2 B BB Bh R 2 B SR oL B E S 2 8 -

RIMEAHY LMM Al Ry pa B Fil S B a & B BATR - 2255 Bartlett (2006)
FfrfHt SABR FEAAT B EHEE R ELRATE S - FRM[EERRESHEE H SABR-LMM f&
BTN EZRE T etk By b LR o BT

(B bER B v 2 BB —E B AR H CHIBREEYE » S —Er @2 S |, 2
B8 Witk Bl Z 2IFRPERBBIEERE® S, JHEEEATRE (REZE
&5y 6 ) - HIDAEER A R Ry
S, S +AS,

Vo VoV
& SABR-LMM &AL 7 B REEFZA1
s, =o VS jdz«
AV = vVdW (19)

(19) K HYE% EaNEMEAEHY LIBOR TSR - A —8 0] LLE B DUE A R E Rt
SR > {£ Mercurio and Morini (2009) BRI - (EEAEREIE C () (ERatH{ERAL
FTaE s [HA R I AASR I Qo T » 22k § | Al LEEIT L (LMM-SMM 3#71 )
MEE] (19) HpYFEHEEE
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Hr1 dzes B aw e ZAERIREOR Papy » PRI TS BB RSB REETE (19) IRES R

av = v <pg'bdZalb + /1 — pg'bdea'b>
DoV 2
= S 5dSep +VV [1—pg,"dQY” (20)

Ga,b a,b

Hrr dzer 81 doer J5L > K3 (20) FAFT AT 1SR B R A ERGE i L BB o, T

v
5V = %Asm (21)

O-a,b Sa,b

Eax L s, FHEZ EERERE L EERER C=AS,,.K.T0(S,,S,,).KT) » B o FyiEi
(20) = f% ‘*ﬁ’éﬂZmbﬁﬁéé\«Ez%ﬂF Al Delta (B 7] SEREHERIETEANT -

of of( dc do vV
AC = +—= +—
aSa’b do aSa‘b av aSa‘b

— af af do do pglbv
- [asa,b * %<6Sa_b + Wo-a,bsa,bﬁ ASap (22)

BER (22) AT BLEIRAF 2B B SR 2 [EER T2 2F R a8 o %
B <7 B 357 )y B S S B 2 Vega B R TS 2 fa’:ﬁ?EUEX(Q%B’%U%E@{EZ@MEFF@Z’FEFﬁ%fﬂ;
FERN -

[RIEE -+ FRAPT RIS AT A3 A AR A A1) 2R A1 5 38z a5 A2 ey ) A28 Bl 38 P i (B (B S Rl 2 52
B (RER AR H B R B S EE R o, 0 RISy

V—>T+AV
5,5, 405,

ERRBGERLIRRE 6,5, = M AV o R A AT LR & 2 R R B ey
Vega {EA T

e = af+af do 0055
av Tag\av T 0Sqp P

af of (0o g plpSas”
av+aa<av+asab v )4

(23)
By T {EERAE - FMLAER 12 22 CMS Spread Cap Réhh ] » 15 SABR-LMM f&

HITNEE 10 428 CMS Rate FLEEEE) %} Cap [EEEZ.Z Bucket Greeks {H » H T
AR (22) AR PR T YIS BT A ¢
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EXNEHERE H25 £52M

aiib Ry R B SR B B R R FERH I RY Delta (B o 1R DAAZ ISR E) I

1bp 515 » Al 10Y CMS Rate ;2 Bucket Delta J5A // A S = (f;—f) / A'S = (137,686.82
— 124,007.22) / 2 = 6,839.80 * A|IL{EFH EACHA=REE) 1bp KF¥ Cap EE .2 BURE 5
6,839.80 °

. Z—g TSRS E RS ML EEIEE - BRSNS R IR

SR AUETT ECHTRCHE - A BRI & OB R I B RS R A 22 8 (R DU BN
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Pricing Interest Rate Derivatives with SABR-LMM Models

Shih-Kuo Yeh, Professor, Department of Finance, National Chung-Hsing University

Cheng-Han Yu, Specialist, Market Risk Management and Global Financial Markets Risk Division, CTBC
Bank

1. Purpose

The appearance of implied volatility smile or skew has been well documented in the
options market. However, it is very difficult to obtain a closed-form solution if stochastic
volatility is taken into account. Hagan et al. (2002) present the SABR (stochastic alpha, beta,
rho) model to derive an approximate closed-form solution and this model can explain
volatility smile or volatility skew phenomenon very well. As a result, the model has become
very popular with financial practitioners. This study employs the SABR-LMM (LIBOR
Market Model) model proposed by Mercurio and Morini (2009) to price interest rate
derivatives. The SABR-LMM model allows stochastic interest rate volatility and provides an
approximate closed-form solution to calibrate the interest rate model, a technique better than
using traditional Monte-Carlo methodology.

Since the model contains too many parameters and its explicit solution is very
complicated, it will involve very inefficient and time-consuming procedures while
calibrating the original SABR-LMM model to market data. This study develops a unique
procedure to calibrate the SABR-LMM model more efficiently and conveniently. As a result,
the work of applying the SABR-LMM model to price interest rate instruments will become
faster and simpler.

Moreover, traditional LIBOR Market Models imply that the interest rates changes are
independent of volatility changes. In fact, there are significant correlations among these
variables’ movements. Ignoring these correlations will result in incorrect estimations while
calculating hedge ratios. This study tries to derive the relevant hedge ratios while considering
the correlations between interest rates changes and volatility changes. This process can
provide concrete guidance for traders that they can use to judge the interactions between

interest rate changes and volatility changes.

2. Methodology

Prior to pricing interest rate derivatives, many parameters embedded in the SABR-
LMM model by Mercurio and Morini (2009) have to be calibrated to market data. The study

adopts the following steps to implement an efficient and fast calibration to obtain a set of
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parameters available to conduct the pricing task. Firstly, since some research states that the S
parameter in this model might be determined in advance without producing any bias
regarding the calibration result, the study sets S equal to 1 so as to let this model match the
log-normal distribution. Secondly, this study presumes the initial v value in this model equal
to 0.5, which can be substituted into the formula of implied volatilities. Afterwards, we can
iterate optimization procedures on each volatility smile curve until every parameter in this
model is estimated. Finally, this study conducts a comprehensive calibration on the entire
volatility surface to obtain an optimal v parameter based on global optimization.

As all parameters in this model are estimated, this study simulates stochastic processes
for forward interest rates and forward swap rates. We set up the process followed by the
underlying market variable in a risk-neutral world, then sample paths to obtain the expected
payoff. Eventually, we can discount this payoff to price Constant Maturity Swap (CMS) and
Constant Maturity Swap Spread Option.

A constant maturity swap is an interest rate swap where the interest rate on one leg is
reset periodically, but with reference to a market swap rate rather than LIBOR. A CMS
spread option is similar to a regular Cap/Floor option. The difference is that in a regular Cap/
Floor, the underlying variable is usually a reference rate, whereas in a CMS spread option,
the underlying variable is the spread between the yields of two different swap rates. We
choose the two products to be examined because Taiwan’s banks typically use these
instruments to hedge the relevant interest rate risk.

Eventually, this study calculates various hedge ratios after taking account of the
correlation between interest rates changes and volatility changes, a step that better measures

the relationship between instrument values and their underlying variables.

3. Findings

The calibration result indicates that the SABR-LMM model can fully capture the
volatility smile phenomenon appearing across different strike prices in the swaptions market
because the model can allow volatility to be stochastic. However, traditional LMM models
cannot deal with the situation where different volatilities correspond to different strike prices.
That is because traditional LMM models imply the assumption that volatility is deterministic
so they cannot comply with real market data. From the empirical finding, it is obvious that
the SABR-LMM model has the advantage of being able to deal with the volatility smile
phenomenon embedded in the market data.

Based on the parameters calibrated to market data, we simulate 100,000 paths for future
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movements of forward interest rates and forward swap rates, and compute possible cash
flows generated from different derivatives underlying these two interest variables. Then, we
can use a specific formula to get an estimate of the interest rate derivative value, which is
very difficult to obtain. In addition, this study calculates different kinds of hedge ratios, like
delta, gamma and vega under different scenarios. We find that hedge ratios will become
either over-estimated or under-estimated if people ignore the correlation between interest
rates changes and volatility changes. It means that risk management regarding interest rates

will be misleading if the model is not well specified.

4. Research Limitations

According to the empirical result, we find the f estimation errors are more significant
on short-term and long-term maturity than medium-term maturity while calibrating the
SABR-LMM model to interest rates swaptions. It reveals that the length of the expiration
dates indeed has an impact on the accuracy of model calibration. Based on Mercurio and
Pallavicini (2006), more accurate f values are available if convexity adjustment can be
conducted on the SABR model. Similarly, better § estimation values will be produced if we
implement convexity adjustment on the calibration to the SABR-LMM model. Then
calibration error will be significantly reduced. However, convexity adjustment involves very
complicated and time-consuming procedures when conducting parameters estimation. A
good topic for future research will be about how to add convexity adjustment to the SABR-

LMM model estimation.

5. Contribution

According to the statistics revealed by Taiwan’s Central Bank on June, 2012, the
interest rate derivatives constitute the largest share of total transactions in financial
derivatives traded in Taiwan. They account for 51.3% of the total trading volume. However,
99.8% of transactions on interest rate derivatives are conducted in the over-the-counter
market. Therefore, the SABR-LMM model is very suitable for pricing these types of interest
products traded in over-the-counter market. Up until now, there has been few research
available using the SABR-LMM model to price Taiwan’s exotic interest rate products.
Hence, this study is a pioneer research on this aspect of Taiwan and has great application
potential to Taiwan’s financial practitioners—particularly for those whose expertise is

financial engineering or risk management.
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The main contributions of this study are as follows: this study successfully develops a
unique procedure to calibrate the SABR-LMM model. The approach will provide Taiwanese
traders with an efficient tool to evaluate how much the exotic interest rate derivatives they
trade are worth and how far the value of these products can move. The methods provided in
this paper can be computed quickly and accurately, and can thus provide traders with a useful
guide to pricing the interest rates derivatives. Also, this study considers the correlation
between interest rate changes and volatility changes and then derives the relevant hedge
ratios regarding interest rate derivatives. This can avoid any misleading risk measurement for
every market variable to which it is exposed. This study provides clear and simple guidelines
for risk manager with which they can identify the total risk to which the financial institution

is exposed when there is a portfolio made up of interest rates derivatives.
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